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In the present note we obtain new results on two conjectures by Csordas et al. regarding the 
interlacing property of zeros of special polynomials. These polynomials came from the Jacobi 
tau methods for the Sturm-Liouville eigenvalue problem. Their coefficients are the successive 
even derivatives of the Jacobi polynomials evaluated at the point one. The first conjecture 
states that the polynomials constructed from p \“'and are interlacing when -1 < a < 1 and 

-1 < j6. We prove it in a range of parameters wider than that given earlier by Charalambides and 
Waleffe. We also show that within narrower bounds another conjecture holds. It asserts that the 
polynomials constructed from p\i’^ and p { ®J^ are also interlacing. 
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1 Introduction 


This study is devoted to properties of zeros of polynomials which originate from mathematical physics. The 
orthogonal polynomials proved to be a very helpful tool for the discretization of linear differential operators. The 
main feature of the tau methods is the adoption of a polynomial basis which does not automatically satisfy the 
boundary conditions. This induces a problem at the boundary (i.e. the points ±1 in the Jacobi case). The family 
of polynomials studied here is connected this way to the eigenproblem u" (x) = A u{x) on the interval re (-1,1) 
with various homogeneous boundary conditions (for the details see (4j[3j). We place our main emphasis on the 
analytic properties of the considered family itself, leaving aside the corresponding properties of the original 
differential operators. More information on the tau methods can be found in e.g. jT] §10.4.2]. 

The Jacobi polynomials (see their definition and basic properties in e.g. j7[ Ch. IV]) 




n + a 
n 


2-Fl 


-n, n + a + (J +1 1-x 
a +1 ’2 


n = 1,2,... 


appear regularly in applications as classical orthogonal polynomials. They are more general than those of 
Chebyshev, Legendre and Gegenbauer. The Jacobi polynomials are orthogonal with respect to the meas¬ 
ure w a> p(x) = (1- jc)“(1 + jc)^ on the interval (-1,1) whenever both the parameters a and J3 are greater than -1: 



P„’ p) lx)P[ a,p] (x) w a<(j {x) dx = 0 


if 


k ^ n. 


The usual normalization supposes that P^’^{ 1) = ("+“) = (a +P B , where we applied the so-called Pochhammer 
symbol or the rising factorial defined as 


(a + l)„ := (a+ l)-(a +2)•••(« + «). 


*This work was financially supported by the European Research Council under the European Union’s Seventh Framework Programme 
(FP7/2007-2013)/ERC grant agreement no. 259173. 
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In this notation we have 


Aa,p) 


(X) = 


(a + 1) 
n\ 


n y {-ri) k (n + a + fi + l) k 1 - 
^ o fc!(a + l) fc 


n = 1,2. 


( 1 ) 


Definition (see QO p. 17]). We say that the zeros of the polynomials g(x) and h(x) interlace (or interlace strictly ) if 
the following conditions hold simultaneously: 

• all zeros of g(x) and h{x) are simple, real and distinct (i.e. the polynomials are coprime), 

• between each two consecutive zeros of g(x) there is exactly one zero of the polynomial h{x), and 

• between each two consecutive zeros of h{x) there is exactly one zero of the polynomial g(x). 

We say that the zeros of the polynomials g(x) and h{x) interlace non-strictly if their zeros are real and become 
strictly interlacing after dividing both polynomials by the greatest common divisor gcd(g, h). Roughly speaking, 
the zeros of two polynomials interlace non-strictly if they can meet but never pass through each other when 
changing continuously from a strictly interlacing state. 

Definition. A pair (g(x), P(x)) is called real if for any real numbers A,B the combination Ag(x) + Bh{x) has only 
real zeros. This is equivalent to the non-strict interlacing property of g(x) and P(x), which is shown in e.g. (2] 
Chapter I]. 

Remark. The phrases “g(x) and h[x) interlace”, “g(x) and h(x) possess the interlacing property”, “g(x) interlaces 
h[x)”, “g(x) and h(x) have interlacing zeros” and “the zeros ofg(x) and h(x) are interlacing” we use synonymously. 

It is well-known that the orthogonal polynomials on the real line have real interlacing zeros (due to the 
so-called three-term recurrence; see e.g. (7j pp. 42-47, Sections 3.2-3.3]). That is, in particular, the zeros of 


and interlace for all natural n. In the present note we study zeros of polynomials that do not satisfy 
the three-term recurrence. More specifically, we consider 


Ja,p) . 


k =0 


In/2] d 2k 


X— 1 


k _ (a+ l),i l y ] (-n) 2 fc(n + a + /3 + l) 2k tP\ k 

n\ (q+l) 2 fc U- 


n = 1 , 2 ,..., (2) 


where the notation [ci\ stands for the integer part of the number a. 

Theorem CCW (Csordas, CharaLambides and WaLeffe |4j). For every positive integer n 3= 2 the polynomial (p^’^ (p), 
-l < a < 1, -1 < ft, has only real negative zeros. 

The proof of this theorem given in f4] rests on the Hermite-Biehler theory (see Theorem |HB| herein). 

Remark (to Theorem 


CCW . In fact, the authors have shown that (p l '„'^ (p) interlaces (p^^ +V) (p). As a result, 


the theorem remains valid when l«q<2 and 0 < p. Note that the interlacing property here is strict, so it implies 
the simplicity of the zeros. Furthermore, the polynomial <p^’^ (p) has only simple negative zeros for -1 < a < 0 
and -2 < p, as well. This follows as a straightforward consequence of Theorems CW* and Lemma[2]of the present 
study. 

Based on Theorem |CCW| the authors of 0 conjectured that these polynomials also have the following property. 
Conjecture A ([4] p. 3559]). For-1 < a < 1, -l < p and n 2= 4 the zeros ofthe polynomials and interlace. 

In particular, this assertion would imply that the spectra of polynomial approximations to the corresponding 
differential operator are negative and simple (see (3)). In (3), Conjecture |A]was proved for -1 < a,p < 0 and 


0 < q, p < 1: see Theorem CW below. In fact, the upper bound on p is redundant. Theorem CW* with a shorter 
proof states that the conjecture holds true for 


-1 < q < 0, -\<p or 0^q<l, 0</3 or l^q<2, \<p. (3) 

Additionally, we study another assertion about the same polynomials. 

Conjecture B (j4[ p. 3559]). For cp^'^ (p) as in Theorem \cCW^ and for all n s 5, the zeros of the polynomials (p[“’^\p) 
and <p ( ^2 (p) interlace. 

Originally, this conjecture was stated for -1 < a < 1 and p > -1. However, numerical calculations show 
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that it fails for some values satisfying -l</3<0<a<l. Our (partial) solution to Conjecture [B] is given in 
Theorem [ToJ it holds true for-l<a<0</l or 0 < a < 1 < /). We approach by extending the idea of J3] to 
another pair of auxiliary polynomials. Certainly, there exists a relation between Conjecture|A]and Conjecture[B] 
as discussed in Section[5] 

Vieta’s formulae imply that the sum of all zeros of tends to -1/2 for even n and to -1/6 for odd n 

as n —• oo. Thus, the assertion of Conjecture [^gives that the zero points of 0*“’^ (ju) converge monotonically 
in n outside of any fixed interval containing the origin. If the assertions of both conjectures hold, then the 
fraction (p^n-i W W maps the upper half of the complex plane into itself and converges to a function 
meromorphic outside of any disk centred at the origin. This situation resembles how the quotients of orthogonal 
polynomials of the first and second kinds behave. 

Section^of the present paper introduces connections between polynomials with different n, a 

and /3. These connections allow us to extend and clarify the result {3] in Section [3] (see Theorem |CW*| i. We 
show that Conjecture [Ajholds true under the conditions Section[4]contains the proof of Conjecture [B]for 
-1 < a < 0 < /3 and 0 < a < 1 < /3 (see Theorem[lO}. In the last section we show that the studied conjectures are 
actually related. 


2 Basic relations between the polynomials 0^' for various a and (3 

Being connected with the Jacobi polynomials, the family j , where n = 2,3,..., inherits some of their 
properties. The formulae induced by the corresponding relations for the Jacobi case include (we omit the 
argument jU of for brevity’s sake): 

(2 n + a + = [n + a + p)(p^’^ + {n + a)(p 

(2 n + a + P)(pn~ hp] = {n + a + ~{n + 

{n +a +(n + 1) + (n + a)0^“ 

Eh® ^(a./3-D _ ^Ca-1,/3) 
r'n-l H'n 

The latter two identities contain labels of equations above the equality sign: we use the convention that this 
explains how the equalities can be obtained (up to some proper coefficients). For example, 2 n + a + (3 times (|6) 
is the sum of n + (3 times Q and n + a times (5}, whereas 2n + a + (3 times <[7]i is the difference {4} - ([5j. The 
identities i|4) and {5) can be checked by applying the formulae (see, e.g., (6j p. 737]) 

(2 n + a + /3)P, ( “ ,/J_1) (x) = In + a + /3)P^ ,/J) (x) + [n + d)P (x), (8) 

(2n + a + p)P%- 1,ff) (x) = {n + a + / 3)P [ n a ’ p) (x) ~(n + / 3)P (x), (9) 

respectively, to the left-hand side of the definition <(2j . The relations involving derivatives (not surprisingly) 
differ from those for the Jacobi polynomials: 


(n + a)0‘“_^ +1) 

= n<pn’ fi) -2/i(<^ a,/J) ) , 

(10) 

(n + a + (3 + 1 )0^ +1) 

+ a + p + + 2 M (tf '»)' , 

(11) 

[n + a)(p^ 1, ^ +1) 


(12) 

n + t> 

n + a + p ^V n ) 


(13) 

2p(0^ _1) )' 

MmilL a ^«.» 

(14) 


(4) 

(5) 

( 6 ) 
(7) 


So we see that the presented identities are not independent in the sense that they can be obtained as com¬ 
binations of others with various a and /3. We derive the formula (p~0]> with the help of the right-hand side 
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of 0. 


- 2 „ U^j = "f <--nh t (n + a + IU- l) 2t <■" 

r 1 > n\ to (Ol + lhk U/ 


(a + l) n -i i-n)i-n + l)---i-n + 2k-l)in + a +p + \) 2 k ( P\ k 

= in + a) - > i-n + 2k) - - 

(n-1)! to (-«)(« + l) 2 fc UJ 

= (rc + a)0^ +1) . 


Certainly, we can combine formulae further obtaining e.g. 


mf 


- 2» (tAj S(„<f»a(M awt f + 


n+a+p v 


/3-1)V ^0 


n + a + p 

n + a 




(15) 


(-I 


n + a + fj 

The key role further plays the following combination of (TQj i and GD* which is valid for an arbitrary real A, 

K^ 1 ’' 


n + a + p p a ,p) , A ,P a ’fi _ i l +A ) n +a + P ,P a -P~P ,n.. l ~ A 

. r^n ' n-1 ~ , rn -r 

n + a n + a n + a 


(17) 


The next identity stands apart and can be checked explicitly with the help of 0 

( p ( n’^ ] ip) - <p ( n’^ (0) = \ in + a + p + 1) 2 • ^0[“_ + 2 2,/3+2) ip)- 
It reflects the standard formula for the derivative of the Jacobi polynomial (e.g. (6] p. 737]): 


(Pn’ P) ix)} 


(m) 


= 2 “ 


1 in + a + P + 1 ) m P { n-m’ P+m) CJC). 


(18) 


Remark. Note that the equalities 0-05]) are of formal nature, and therefore their validity requires no ortho¬ 
gonality from the Jacobi polynomials. That is, these equalities holds true if all coefficients are defined, not only 
for a,p> - 1. 

Remark. A polynomial with only real zeros interlaces its derivative by Rolle’s theorem^] Consequently, they both 
interlace any real combination of themj^So if in one of the formulae (fT0)-([T2) the first term on the right-hand 
side has only real zeros, then all three involved polynomials are pairwise interlacing. For example, if (p A ’ Al has 
only real zeros, then 0^ +1) > and 2 p \^n’^ ] are pairwise interlacing which is provided by (TO] , 

Remark. The identities 0 and 0 show that the interlacing property of (p\“ip) and W can a ^ so he 
expressed as the interlacing property of c ^ip) and ([)[“ Analogously, from the relations |l5| 

and ( p~4) it can be seen that this is also equivalent to the interlacing property of [(p^ ^ ^ ip)j and 1 ’^ ip)- 

Lemma 1. If -1 < a < 1, -1 < P or if 1 a < 2, 0 < p, then the polynomials \(pff'^{p) j, ip )) am d 

are pairwise interlacing. 


Proof. By Theorem CCW the polynomials cp A '^ip), <j>t\ ifh have only (simple) negative zeros. Then the 
relation (TO) shows that the polynomial (p^t +i \p) with negative zeros interlaces (strictly) both c p^’^ip ) 
and p ip) j . Moreover, the sign of 0^ +1) ip) at the origin and at the rightmost zero of (pff'® ip) is the 
same, and therefore ^cp^’^ ip), pcp^tt^ip) ] is a real coprime pair. A similar consideration of the relation (Tl] ) 
gives that the pair ^pcp^t ip),(p^“t +1 ^ ip )) is also real and coprime. 

In particular, each interval between two consequent zeros of <pti ^ (M) con t a i ns exactly one zero of (p'n’^ ip) 


^on-strictly whenever the polynomial has a multiple zero. 
2 See the definition of a real pair on the pageji] 
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as well as of (p\^ ip). Taking the signs of the last two polynomials at the ends of these intervals into account 
shows that the difference in the left-hand side of ( fT6) , and hence 15 (//)j , changes its sign between 

consecutive zeros of 0|‘^ +1) ()U). Since deg 15 j deg0^j +1) , the polynomial p\ip^^ 1! (jU)j necessarily 

interlaces 1J (yu). Then the right-hand side of (16} shows that 




+ ■ 


n + a 
n + a + fi 


KM 


(19) 


and cp 


la,/3+ 1 ) 
n -1 


ip) have interlacing zeros. At the same time, by differentiating the equality (p~6]> we obtain that 


n[(p%' P) ip)} -{n + a)[<p^ (ju)] 


( 20 ) 


is proportional to 11 ip) j j and, hence, interlaces p [(p^’^ 11 (//) j • Put in other words, the polynomi¬ 

als ( p~9] > and pO) are interlacing. With appropriate factors, their sum gives ^cp^’^ip )] and their difference 
gives i(p^l j 5 ()r) j . This yields the lemma. □ 


3 Results on Conjecture|Aj 


Theorem HB (Hermite-Biehler, for real polynomials). A real polynomial fiz ) := piz 2 ) + zqiz 2 ) is stabl^if and only 
if pi 0) • qiO) > 0 and all zeros of p{z ) and zq[z) are nonpositive and strictly interlacing. 

This well-known fact plays a crucial role in j4] for proving Theorem |CCW| Here the statement of the Hermite- 
Biehler theorem is expressed closely to the one given in (5[ p. 228]. The replacement of qiz) with zq{z] provides 
the desired order of zeros. That is, the zero of piz) and qiz) closest to the origin belongs to the former 
polynomial. The more general statement can be found in e.g. 0 p. 21]. The present study also uses Theorem [HB] 
as a main tool. 


Some bounds on the parameters a and f) are necessary even for Theorem CCW (i.e. are satisfied if all zeros 
of are negative for every n ^ 2). The restriction a > -1 corresponds to positivity of the coeffi¬ 
cients (and to negativity of all zeros). The parameter a is bounded from above by 3.37228_ Indeed, if 

the polynomial (p^’^ip) ='■ Y.™ =0 bkP k > m = [nl 2], has only negativq 3 4 | ze ros, then by Rolle’s theorem, the 
zeros of pip) := p m (p^’^\p~ l ) and p'ip) are interlacing. So, TheoremjhlBjthen implies that the polynomial 
pip 2 ) + pp'ip 2 ) is stable. Therefore, when bo > 0 the Hurwitz criterion (see e.g. (2j Chapter I]) gives us the 
easy-to-check conditions b\ > 0 and 


mbo im-l)bi 
bo h 

0 mbo 


im-2)b 2 


b 2 


> 0 , 


im- l)b\ 


that is 


b\ 2m 

-— ^ - 

b 0 b 2 m -1 


( 21 ) 


which are necessarily true when the polynomial pip) has only real zeros. In our case we have 

b\ _ nin-l)ia + 3) 2 in + a + fi + l) 2 n ^oo (a + 3)(a + 4) 
bob 2 in-2)in-3)ia + \) 2 in +a +fi + 3) 2 (a + l)(a + 2)’ 

so the condition ( |2T] > fails to be true (along with the assertion of Theorem |CCW] > for every n big enough and 

every fi when a > 1+ ^ = 3.37228... or a < = -2.37228_ Computer experiments show that the 

polynomials (p with positive coefficients can have zeros outside the real axis for a (large enough) negative /3. 
So, some lower constraint on the parameter f> is also required. 

3 That is, Hurwitz stable: f(z) = 0 => Rez < 0. 

4 Here we suppose that ip) has only simple zeros; the case of multiple zeros follows by continuity. 
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Definition. Denote the ith zero of a polynomial p with respect to the distance from theoriginbyzr,■(/?). Putzr,(p) 
equal to -oo if degp < i and to zero if i = 0 (it is convenient since all coefficients of the polynomials we deal 
with are nonnegative). 

Lemma 2. Let a > -1 and n + a + (3 > 0, n = 4,5,.... The zeros of the polynomials (p^'^ and are negative 
and interlace non-strictly (strictly) if and only if the polynomial 0^ ^ h as on/y rea l zeros (only simple real zeros, 
respectively). Moreover, if 0^ has only real zeros, then zri ^ zri j. 

Proof. The relation < p~7| ) with A = 1 and A= —[n + a + (3) / n implies that each common zero of the polynomi¬ 
als <p^Ji and is a multiple zero of 0^ 11 . The converse result is given by ( fTO) and fTT) . 

Suppose that 0^“ ! has only real zeros. The coefficients of this polynomial are positive under the assump¬ 
tions of the lemma, and hence all of its zeros are negative. By Rolle’s theorem, the pair ^0 { n P l \p[(pn^ 1! ) ) IS 
real. Therefore, the polynomials 0^“^ and have only real zeros by the formulae fTO) and ( fTT) , respectively. 
The zeros are negative automatically since the coefficients of polynomials are positive. Moreover, we have that 
the first zero of 0^’^ is closer to the origin than that of 0*^. The relation fTT} holds for all real A, which 
yields that the polynomials 0^^ and 0*“’^ form a real pair and thus have (non-strictly) interlacing zeros. 

Let 0^ 1 and 0^“’^ have negative interlacing zeros. Then any of their real combinations only has real zeros. 
This is true for 0^ 11 according to the identity <|4]). □ 

Corollary 3. For -1 < a < 1, /3 > 0 or 1 ^ a < 2, yS > 1 the zeros of the polynomials 0^“'^ and 0^\ n = 4,5,..., 
interlace. (Furthermore, the polynomials 0|“’^ ) and interlace.) 

Proof. This corollary is provided by Theorem |CCW| (see also the remark on it) and Lemma[2] □ 

Theorem CW (Theorem 3.10, Charalambides et al. U]). Conjecture^holds true for-l < a,f) < 0 and for 0 < a,f3 < 1. 

This theorem relies on Theorem 3.8 and Theorem 3.9 of the same work and on Theorem |CCW[ In fact, the 
original proof (which we extend in the next section to treat Conjecture [Bj does not need any upper bound 
on (5. It becomes more evident on recalling that the region of positive (3 is covered by Corollary[3](i.e. is a 
straightforward consequence of Lemma[2]and Theorem |CCW i. 

Theorem CW*. Conjecture^holds true for -l < a <0, — 1 < yS or 0 a < 1, 0 < /3 or 1 ^ a < 2, l< f). 

Proof. Corollary[3]suits the case of positive a. For the region with negative a it is enough to prove only Theorem|4] 
(which is stated below) and Theorem 3.9 is not needed. Indeed, according to Theorem|4]and Theorem |HB| we 
have that all zeros of 0*,“’^ 11 are simple and real for all n, so Lemma^is applicable. □ 

Theorem 4 (Equivalent to Theorem 3.8, CharaLambides et aL. J3])- If-l < a <0, -I < /3 and n = 4,5,..., then the 
zeros of the polynomial 3>„(1; p), where 

^ Ax-,iu) := Y, ^rk P n ,IS ~ l \x)ii k , 

k =0 dx 

lie in the open left half of the complex plane. 

Remark. It is worth noting that this theorem cannot be extended to the full range -1 < (3 <0 < a < 1. According 
to computer experiments, Conjecture [A] seems to hold in this range, while Theorem [4] fails, e.g., for n = 12 
when (3 = -0.8 and a 0.97842, or when f3 = -0.9 and a <; 0.97140. The reason is that proving Conjecture^ 
only requires negative simple zeros of the polynomial 0j“’^ 11 ip), Theorem|4]nevertheless asserts additional 
properties of 0^“ + 1 1 (ju) as given by the Hermite-Biehler theorem. 
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Proof. This proof is akin to QJ Theorem 3.8] but uses other relations for the Jacobi polynomials. The polyno¬ 
mial T>„(x;p) satisfies the differential equation (here we consider p as a parameter) 

» r \ n (a,fi-l), . p) 

<f>n(x;p) = P n ( x) + /d ---. 

ax 


dQ>n d($> n d<f> n 

Let <f>„ := <f>„(x;p) for brevity and let-denote a complex conjugate of-. Multiplying by- w a « + i, 

dx dx dx 

where w a ,p+\ := m a j g +1 (x) = (1 - x)“(l + x)^ +1 , and integration over the interval (-1,1) gives us 

2 


£ 




dQji 

' dx 


w a> p+idx= I P 


£ 


da ,1 3 - 1 ) dQfi 


dx 


W a ,p + idx + /d 


£ 


d®. 


dx 


Wa,[ J+l dx. 


Select /d so that <I>„ (1; p) = 0. To estimate the real part of fd we add the last equation to its complex conjugate 
and obtain 


f 1 d[\® n \ 2 ) ^ _ f 1 n (a,fi-l) 

L dx Wa ’ P+ l dX -J_ 1 P n 


•2Re —— Wa,p+i dx + 


-2R ep j 


1 I d<t> n 


Wa,p+\ dx. ( 22 ) 


dx J- 1 ” dx r J-i| dx 

Since w ai p +1 increases on (-1,1) and lim x ^_i + = lim x ^i_ Onit' tl ,/3+i = 0, the left-hand side satisfies 

d{ l®„l 2 ) 


r 1 d(\® n \ 2 ) r 1 2 , 

J 1 —rfx—^a,/3+i dx = -J jO„| w a p +l dx < 0. 


Applying the relation [8]) to the polynomial P, ( “'^ 11 three times gives us 

n + a + p 
2n + a + p 


P [a,p- 1) _ n + CL + p ia , 1 3) » + q (a,p) _ jn + a + P) 2 (a, 1 3+i) jn + a + P){n + a) < a ,p+i) 

n n 2n + a + p n ~ l {2n + a + P) 2 n [2n + a + P) 2 n ~ l 


that is, 


j(a,/6-l) _ [n + a + P) 2 (a,p+l) 


+ 


(n + a)(n + a + P) (g t p + p (n + a-l) 2 ja.p+i) 
+ (2n + a + /3-l)2 " _1 + {2n + a + p - 1)2 ” _z 


2(n + a)(n + a + /3) ( a ,/3+i) (n + a-l) 2 ( g ,^+i) 

(2/r+ a + p - l)(2n + a + p + 1) ” _1 [2n + a + p~ 1) 2 ” -2 


(2/i + oc + f5) 2 
By the definition of and the formula ( [T8) , 

Re ^ ” = 2 _1 (n + a + /3)P^°+ Rep • 2~“(n + a + p) 2 P { ,' t > _f^ +1 ' > + {polynomials of degree < n-2}. 
The difference ([8]) - 0 induces the identity P^ 1 ’^ = P)£’f +1) + P^ 2 ’^ +1 ', so we finally have 


£ 




2Re——fl +1 dx = p + £Rep, where r],(> 0. 
dx 


□ 


Now the terms of the relation ( [22] ) are estimated, and it yields 0 > Rep. 

4 Results on Conjecture[B| 

We just have shown that the result on the Conjecture|A]in |3] can be obtained in a shorter way if we consider poly¬ 
nomials with shifted parameter values (we used 1! ) instead of real combinations of the polynomials <£“ 
and (/>££'• At the same time, to verify the Conjecture[B]we can combine both these ideas. 

For any fixed n > 3 consider the intermediary polynomial 

/(*; := t / £ ^ W + f- W 
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Lemma 5. The polynomial /(1; p) is Hurwitz-stable provided that -1 < a < 1 and (3, A > 0. 


Proof. From the definition of f[x,p) the differential equation 


d 


p-^-flx; p) + AP, ( " ,/3) (x) + pP^ (x) = /(x; p) 




dx 


follows. Multiplication by /(x; p) w a - i,/ 3 (x) gives us 

f^ W a-l,P + AP { “' I>) {x)^W a -l,p + P„f f (x)/ Wa-1,/3 = H/| 2 W a - h p, 


P 


where we put / := f[x;p) and w a -\,p '■= w a -i,pix) = (l-x)“ Hl + x)^ for brevity. Adding to this equalityits 
complex conjugate and integrating yields 


r 1 dx+A f 1 p\^\ x) 

J -1 dx J -1 


‘f /' 
- + - 

[p pj 


/»1 _ 

'a-l,pdx + j 1 * (x) (7 + f) w a-l,p dx 

= (“ + =)J 1 I/I 2 Wa-ppdx. (23) 


Take p so that /(1; /i) = 0. Then the polynomial /(x; p) can be represented as 


n -1 


f{x\p) = (1-x) Yj c k p k ^ 

k=0 

with some complex constants c k depending on p (generally speaking). Observe that c n - i < 0: denoting the 
leading coefficient in x by lc, we obtain 

lc [f{x;p)) _ A-\c[p n w) A ^ n + a + P + 1) 77 • in- 1)!2" _1 ^(2n + a + /J- 1)2 < 

1 ' ' lc|p ( “’^(x)j n\2 n -{n + a +f3) n -\ 2n{n + a + f3) 


Cn — 


lc(-xp'“f(x) 


Then we have 


f p7’ /!) Wfu?a-l,p dx= f p\" ,p) (x) £ c k P^'P ] (x) W a4 3 dx = 0, 

J-l J-l fc=0 

J 1 Wf w a- 1,/3 dx = Cn- 1 J ^ (x)j dx < 0 

as a consequence of orthogonality of the Jacobi polynomials. Note that if -1 < a < 1 and /3 > 0, then 

= (/3(1 - X) - (a - 1)(1 + x)) • w a -2,p-\ > o and ^lim + 1 /| 2 w a -i,p = hm_ l /| 2 w a - iyl g = 0. 

Therefore, integrating by parts yields 

J 1 dx Wa ~ 1,pdX= ~J W a-l,p dx<0 - 


(24) 


dx ' v, .. (25) 

By the formulae (|24)-(25 i, the left-hand side of the equation ([25] is negative, thus necessarily RejU < 0. □ 


Consider also another intermediary polynomial for a fixed n > 3, namely 


” 1 d k 


:= £ / + A ±-.p£f>W' 


Lemma 6. The polynomial g(l; p) is Hurwitz-stable provided that -1 < a < 0 and j3,A> 0. 
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Proof. This proof is analogous to the proofs of Theorem|4]and Lemma[5] From the definition of g(x, p) we have 

dgiX',p) (a,/j) ..(n,/!), , , , 

p —--+ iiP n p (x) + AP , (x) = g(x;p) 

ax 

which gives us (we put g := gix;p) and g' := for brevity’s sake) 

Pg'g' W a ,p + pPn’ P) Wg' Wa.fi + AP^f f (x)g' W a ,p = gg' W a< p 
after multiplication by g'w at p. Adding to the equation its complex conjugate and integrating yields 

(ju + ju) J ^\g'\ 2 w aj pdx + f P l “ >fi) (x) (jug'+ iug') w a.,p dx + A J (x) (g' + g'j w aj p dx 

= f (gg' + gg') w a ,pdx. (26) 

Observe that g is a polynomial of degree « in x and its leading coefficient is given by P, ( “’^ (x) • p. Consequently, 
substituting the explicit expression for lc ( p { “ p) (x) j from the formula (JTJ gives 


lc(g') = nlc (p, ( “ ,/ 5) (x) j fi = 


[2n + a + jS — 1)2 [n + a + /3) n -i (2rc + a + /3- 1)2 


2 {n + a + f>) 


(n-l)!2 


—d = 


2{n + a + f5) 


ic(p“:fw) 


Ju. 


This allows us to calculate the third summand on the left-hand side of < 26 1 : 


P n’l M (g' + g') W a,f$ dx = \_ x P n-1 « (2 ” li + a + fi) 1 k K-f W ) ^ + ^ X ” _1 Wap 

£K a - fw ) 2 


p) 

=[p+p] 


(2n + a + /3-l)2 f 1 
2 (n + a + /3) 


dx 


w Ui pdx. (27) 


Additionally, we have 


/: 




(x)g' W a ,p dx = 0. 


(28) 


Take p so that g(l;/i) = 0. Then 

w 'a,p = (f^ 1 ~ X) - ad + *)) • W a -I,j3-1 > 0 and ^lim + |g| 2 w Ui p = ^lim_ |g| 2 w ai p = 0 
since -1 < a < 0 and j3> 0. Integrating by parts we obtain 


J i (gg' + gg') w a ,p dx = - j i |g| 2 w' a p dx < 0. 

Now let us bring together the relations (26)-j29): 


X- 


(29) 


ip + 


< ( lg '' 


2 + a C 2n + a + P - 1)2 ( n (a,^) ,^2 


2{n + ot + ft) 


( P nfw] 


IAJcc,f3 — 




dx, hence 2Rep = p + p<0. 


That is, any zero fi of the polynomial g(l;p) resides in the left half of the complex plane. 

Corollary 7. For any positive A, the zeros of the polynomials 

2 A<p [ “ p) (yu) + (n + a + P) p(p ( ^ p+l) (ju) and A (n + a + fi + l) (p^’ P+1) (ju) + 2(f ( " p) (p) 
are interlacing provided that- 1 < a < 1 and fi > 0. If in addition -1 < a < 0, the zeros of the polynomials 


□ 


(30) 


[n + a + /3 + l) p<p [ ^ p+1) Ip) + 2Acf>^f p> ip) and 2(p\?’ p> ip) + A [n + a + /3) cf>^ 


Aa.p) 


la.P). 


.(a+1,/3+1) 


ip) 


(31) 


are also interlacing. 
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On conjectures by Csordas, Charatambides and Wateffe 


Proof. To get the assertion we apply the relation ( fT8) to the even and odd parts of the polynomials /(x; p) 
and g(x; /j). The even part of /(x;p) is 


/(x;p) + /(x;-p) _ d2k . „ 2 [ ^ 2] „ 2 A : d2k+1 D (g,fl, 

k =0 


= * I E w 

—n LI As J ,•—n LI As 


k =0 

[n/2] p2fc m 
2fc a n (a,/3) 




fc=o rf * 2fc 

Analogously, for the odd part we have 


(x) + 


n + a + p 2 [ " / 2]- 1 2fc d 2fc 


2 

-m E P 


fc=o 


dx 2k 




/(x; p) -/(x;-p) [(» 0/2] 2fc+1 d 2fc+1 


Kw-D/2] p2fc 

— ,2fc+i a 


= E f 2 ‘ +I ^2BTd.“''V>+ E 

k =0 fc=0 


= A 


« + a + /3+l [ c»^) /2] __ 2jfc+ i d“" n (a+l,/J+U 


-/2 A; 


1 P 2 

k=0 


dx 2kPn ~ l 


[C/2-D/2] p2fc 

<*>+ E k5T« p SV 

fc =0 


The same manipulations with g(x; p) give 

g(x;p) + g(x;-p) _ [( "^ )/2] 2fc+2 d 2fc+1 nCa>/3) 

o ~ L P 


[(w-D/2] j2fc 

,2fc a nta.p). 


k =0 


fc =0 


n + a + ^ + 1 2 - r - __ 2/ t 


dx 2fc+1 

[Cw-D/2] rf 2fc 


y E p 2 


k =0 


, , a „ I(n-l)/2] 

p(a+l,/j+l) , , , y- 

dx 2 ^ - 1 (X) L ^ 


j2fc 


2fc ^ n (a,/8) 


g(x;p)-g(x;-p) _ [, f 2] 2fc+1 rf 2fc («,/» v- f/ 2*+i " p w,pj 

n ~ L P ~T3-jj^n W + A L P j Y 2k+l F n-l [X > 

^ k= 0 ux k= 0 


k= 0 

I(n-l)/2] j2fc+l 

,2fc+l a 


dx 2k 


P„_i (x) and 


= P 


I[nl2] 

Lp 

V fc=o 


2fc 


rf 2fc 

dx 2k 




(x) + A 


n + a + p [ ” 1 2jfc d 2fc (b+1,/8+1) 


E 

fc=0 


dx 2kPn ~ 2 


(x) 


The polynomials /(1;yu) and g(l;p) are stable by Lemma [5] and Lemma [6j respectively. Thus, the pairs of 
polynomials mentioned in ([30) and ( [51) have interlacing zeros by Theorem |HB[ Ej 

Lemma 8 (see e.g. (8[ Lemma 3.4] or (3] Lemma 3.5]). Let real polynomials p{x) and q{x) such that p{ 0), p(0) > 0 
have only negative zeros. Then (p(x),xp(x)) is a real pair if and only if the combinations 


ri(x) := ri(x; A,B) := Ap(x) + Bxq{x) and r 2 (x) := r 2 (x;C,D) := Cp(x) + Dq{x) 


(32) 


are nonzero outside the real line for all A, B, C, D > 0. 

Recall that p(x) and xp(x) is a real pair whenever they interlace (non-strictly if p(x) and xq(x) have a 
common zero). For p and q as in this lemma we thus have deg q ^ degp ^ 1 + deg q automatically. 


Proof. Without loss of generality, assume in the proof that the polynomials p and q have no common zeros: if 
not, the zeros are real and we can factor them out of r\ and r 2 . The presence of common zeros prevents p and q 
from being strictly interlacing. 

Let (p(x), xryfx)) be a real pair. The polynomials p and xq interlace exactly when between each pair of 
consecutive zeros zr , (p),zr;_i (p) the polynomial q has exactly one change of sign, i = 2,..., deg p. That is, the 
interlacing property of these polynomials is equivalent to 


Riz) := 


q(z) 

piz) 


n 

r+Z 


i= 1 


At 

z zr / (p) 


implying 


zR[z) = 


zq{z) 

p{z) 


n n 


rz+EA-+E 

i =1 i =1 


zr ; (p)A; 
z-zr/ip) ’ 


where y ^ 0 and the residues A, = are positive for all i. The straightforward check shows that 

signlmR(z) = -signIm(zR(z)) = -signlmz 


for any z e C such that p(z) ^ 0. Consequently, the combinations {32) have zeros only on the real line. 
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Conversely, let for any fixed A,B,C,D> 0 the polynomials r\ (x; A, B ) and r 2 (x; C, D ) have only real zeros. 
The zeros of n, r 2 are all negative since all their coefficients are positive. Moreover, p(x) and q(x) are coprime, 
and therefore 

ri(x*; A,5) = 0 => signpfx*) = sign q[x*) = signr 2 (x*;C,D) ^ 0 and n(x*; A,B) ■£ 0, 

r 2 (x # ;C,D) = 0 => sign p{x#) = -sign q{x#) = signri(x # ; A,B) ^ 0 and r 2 (x#;C,D) ^ 0, 

where BA AB and DC ■£ CD. 

The roots of a polynomial depend continuously on its coefficients. Therefore, when the ratio Bl A comes 
close to zero (or to infinity), the roots of r\ tend to the roots of p{x) (or to the roots of xq[x), respectively). For 
i = l,..., deg r i and A, B > 0 the zero zr, (ri) can never coincide with a root of p(x) or xq{x) thus remaining in 
the interval 

Ii := U zr,(n) = (min|zr,(p),zr,_i (q )},max|zr,(p),ziy_i(g)}). 

AIB> 0 

When k : = deg p - deg q- 1^0 there exist | k\ surplus roots of r\ (x) which disappear as r\ (x) becomes propor¬ 
tional to p{x) or xq[x). Being negative, these roots must tend to -oo. Since they can never meet a root of p(x) 
or q{x), they run the whole ray (-oo,zrd e g P (p)) if k > 0 and (-oo.zrdegf/fqO) if k < 0. This implies |fc| 1, 
because ri(x; A,B) and ri(x; A,B) have no common zeros unless Bl A = Bl A. 

For the polynomial r 2 we analogously obtain 

/(:= U zrilr 2 ) = [mm{zri{q),zriip)},max{zri{q),zrilp)}) 

CID> 0 

and | degp - deg^l ^ 1. The last inequality together with | k\ ^ 1 gives deg q ^ degp ^ deg q + 1. For each z < 0 
there exists i = 1,..., deg q+1 such that z e [zr,(q'),zr ; -i(q')) c /,u/,. Since /,■ and /,; are disjoint, the only option 
is zr j{q) ^zr j{p) ^ zr,_i(< 7 ). This implies that the polynomial p(x) interlace xq{x) since degp ^ deg q + 1. □ 

The next corollary complements the interlacing property of the polynomials ip) and /’^ +1) Ip) (see 
the remark to Theorem |CCW| i. 

Corollary 9. If- 1 < a < 0 and (3 > 0 the pairs ^0|“’^ ) (p),p0|“_" l 2 1 '^ +1) (/i)j and {cp^’^lp), p<p^ +1 ’P +1 \p) j possess 
the (strict) interlacing property. 


Proof. By Theorem CCW all involved polynomials have only real nonpositive zeros. Corollary[7]adds that the 
polynomials in (30 1 - © have (strictly) interlacing zeros. Therefore, Lemma[8]assures the asserted fact. □ 

Theorem 10. If -1 < a < 0 < /3 and n = 5,6,..., then the polynomial (p\" +l '^ +l) [p) interlaces (p^ 2 ^ +1 \p), and 
the polynomial (x) interlaces (p^-i M- 


zr i 


zr. 


<zr i 
<zr 


p+t) 


Proof. According to Corollary[3j we have 

for any natural i =£ nl 2. From Corollary[9]we obtain that 


K“V' 

, (0 < “ +1 -' S+1) 


< zr,-, 


<zr/_! 


K-f' 


zr. 


'n-2 

b (a+ 1 , 0 + 1 ) 


zr I (^ ? “ +1,/i+1) ) <™i [<p l n' fl> } <zr i-i [(p[ 

Bringing together the right inequality in (34} and the left inequalities in (35} and (33}, we obtain 


zr 




Aa+1,/3+1) 
’n-2 


(33) 


(34) 

(35) 


( 36 ) 


for all natural i ^ nl 2. This relation implies that the zeros of cp\“ +1 ’^ +1 \p) and '^’ +1 \p) interlace. 
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By Corollary[5]we obtain (cf. ( (55) ) 

zr ; [<p\ T-?) < zr * < zr ‘ > i = 1,2,— 

This chain can be continued with the left inequality in (55) and the right inequality in ([54) so that 


zr 


i ^ zr * K^) <zr <- K-f) <zr * ^ zr '-l 


(a+1,/3+1) 

n-2 


for each natural i. 


□ 


5 Conclusion: relations between Conjecture|A]and Conjecture|B] 

Here we obtain two instructive facts giving an idea about the limits of the current approach. In the present 
note, we used a modification of the method applied in [5], so it has the same deficiency: the parameters a and /3 
are constrained to provide the positivity of w' a ^ (x) and the convergence of integrals. However, these sufficient 
conditions seem to be quite far from being necessary. 

The following two lemmata coupled with Theorem [lO] give no new parameter range for Conjecture|A]to 
hold. At the same time, the comparison to Lemma[2]clearly shows that this conjecture is less restrictive than 
Conjecture [B] 

Lemma 11. If the polynomials (p^’^ ip), (p^n-f W an d <P^n -2 (fd are pairwise interlacing in such a way that 


zri 


then V> [p) interlaces (p ( „l^ 15 (/i). 


Proof. By the formula (4), (fp"’ 1 ’’ l > (p) and (p ( “j p " (p) have only real zeros. Furthermore, 


K“f) < zr i (0!,-?) < zr i K a,/i) ) - 


(a, P-1). 


zr 


i+l fan'®) < zr i [(p^) < zr ; ((Pn-l ”) < zr / (tf-f) < zr i [<Pn’ P (<Pn ’^ ) 


for natural i = 1,..., [ j. This implies the interlacing property for the polynomials cp 11 ip) and cp^j p 11 ip) 


toc.jS-1), 




n 


As an intermediate result (Corollary^ we had the interlacing property of cp[“'^ ip) and (p ( " +l, ^ +l) ip) when 


the parameters satisfy -1 < a <0 < (3. Such a fact allows us to get a relationship complementing LemmafTTj 

Lemma 12. Let the polynomial pairs ^.“'^(/i),c/>j“ +1 '^ +1) ( i u)j, ^cp^’^ ip),cp { ^’^ +1 \p)^ be interlacing in such a 
way that 

zri (<Pn-\’ P+1) ) < zr l (tpn’®) > zr l [(pn +1 ’ P+1) ) < (( Pn ’®) • ( 37 ) 

Then (p^ +1 ’^\p) interlaces (p^^\p). 


Proof. The identities (4) and (5) give 


(.n + a + p + 2 FTiJ + {n + a + 1) (p^’ H ' xl = (2 n + a + f5 + 2 )<p% 

(n + a + p + 1 )(pn +1 ’ P) - (2 n + a + /3+ 1 )(p%’ P) = {n + fLVp^’^ . 


(58) 

(59) 


From the inequalities (57) we obtain that each interval |zr,- + i j ,zr,- i = 1,..., [n/2] - 1, contains 

the points zr,- [(p\“^’^ +1] j and zr, ^, a+1 '^ +1) j and no other zeros of the polynomials 0^_ + 1 1 ’^ +1) and (p^ +1 ’^ +1 \ 
Thus, the left-hand side of (58) also has exactly one zero on each of the intervals. As a result, <p^ +l ’® inter¬ 


laces (p ^’®, so the zeros of their difference appearing in (59) and hence of (p^^' p> are interlacing with the zeros 

of*r*» “ □ 


Aci+l.P) 
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